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Abstract. A simple example that I have been requested illustrates the statement in the E-print 
nlin.CD/020106C that solutions of a smooth first order dynamic equation can be made Lyapunov 



stable at will by the choice of an appropriate time-dependent Riemannian metric. 

Let R be the time axis provided with the Cartesian coordinate t. In geometric terms, a 
(smooth) first order dynamic equation in non-autonomous mechanics is denned as a vector 
field 7 on a smooth fibre bundle Y — > R which obeys the condition j\dt = 1. With respect 
to bundle coordinates (t, y k ) on Y, this vector field reads 

1 = d t + 1 k d k . (1) 

The associated first order dynamic equation takes the form 

y k = l\t^)d k , 

where (t, y k , t, y k ) are holonomic coordinates on the tangent bundle TY of Y. Its solutions 

are trajectories of the vector field 7 ([[]). 

Let a fibre bundle Y — > M. be provided with a Riemannian fibre metric g, defined as a 

2 

section of the symmetrized tensor product V V*Y — > Y of the vertical cotangent bundle 
V*Y of Y — > R. With respect to the holonomic coordinates (t, y k ,Vk) on V*Y, it takes the 
coordinate form 

9 = ^9y(t,y k )dy l ydy j , 

where {dy 1 } are the holonomic fibre bases for V*Y. 

With a Riemannian fibre metric g, the instantwise distance pt(s,s') between two so- 
lutions s and s' of a dynamic equation 7 on Y at an instant t is defined as the distance 
between the points s(t) and s'(t) with respect to the Riemannian metric g(t) on the fibre 
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Y t over t G R. Then the (upper) Lyapunov exponent of a solution s' with respect to a 
solution s is the limit 

K(s,s')=JhRlH Pt (s,s / )). (2) 

If the upper limit 

En K(s,s') = X 

Pt=o(s,s')-*° 

is negative, the solution s is said to be exponentially Lyapunov stable. If there exists at 
least one positive Lyapunov exponent, one speaks about chaos in a dynamical system. 
Proposition 6 in E-print |rilin. CD/020 1060| states the following. 

• Let A be a real number. Given a dynamic equation defined by a complete vector field 
7 (HD, there exists a Riemannian fibre metric on Y such that the Lyapunov spectrum 
of any solution of 7 is A. 

The following example aims to illustrate this fact. 

Let us consider one-dimensional motion on the axis R defined by the first order dynamic 
equation 

y = y (3) 

on the fibre bundle 7 = lxK-*R coordinated by (t,y). Solutions of the equation (|3]) 
read 

s(t) = cexp(t), c = const. (4) 

Let Cyy = 1 be the standard Euclidean metric on R. With respect to this metric, the 
instantwise distance between two arbitrary solutions 

s(t) = cexp(t), s'(t) = c'exp(t) (5) 

of the equation @ is 

p t (s, s') e = \c - c'| exp(t). 

Hence, the Lyapunov exponent K(s,s') (@) equals 1, and so is the Lyapunov spectrum of 
any solution (|J) of the first order dynamic equation (^). 
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Let now A be an arbitrary real number. In accordance with Proposition 1 in E-print 
Qlin.CD/0201060|, there exists a coordinate 



y' = yexp(-t) 

on IR. such that, written relative to this coordinate, the solutions (§) of the equation (||) 
read s(t) =const. Let us choose the Riemannian fibre metric on Y — > R which takes the 
form 

g y i y i = exp(2At) 

with respect to the coordinate y' . Then relative to the coordinate y, it reads 
dy' dy' 

9yy = ~dy~~dy~ 9y ' v ' = exp ( 2 ^ A ~ 
The instantwise distance between the solutions s and s' (||) with respect to the metric g 



is 



Pt(s, s') = [g yy (s(t) - s'(£)) 2 ] 1/2 = \c - c'\ exp(Ai). 

One at once obtains that the Lyapunov spectrum of any solution of the differential equation 
(Q) with respect to the metric @ is A. 
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